Abstract: This study derives a semianalytical solution for drawdown distribution during a constant-head test at a partially penetrating well in an unconfined aquifer. The constant-head condition is used to describe the boundary along the screen. In addition, a free-surface condition is used to delineate the upper boundary of the unconfined aquifer. The Laplace-domain solution is then derived using separation of variables and Laplace transform. This solution can be used to identify the aquifer parameters from the data of the constant-head test when integrated with an optimization scheme or to investigate the effects of vertical flow caused by the partially penetrating well and free-surface boundary in an unconfined aquifer.
Introduction
Aquifer tests, such as constant-head test (CHT) and constant-flux test (CFT), are usually performed to estimate aquifer parameters such as specific storage and hydraulic conductivity. For aquifers with low transmissivity, CHT is more suitable to apply than CFT. The wellbore storage at the pumping well has a large effect on the early drawdown behavior at pumping and observation wells in CFT (Renard 2005) . If a CHT is established in a short period of time, the effect of wellbore storage is negligible if the aquifer has low transmissivity and the well radius is small (Chen and Chang 2003) .
Many studies have been devoted to the solutions for CHT. Kirkham (1959) derived a steady-state solution for ground-water distribution in a bounded confined aquifer pumped by a partially penetrating well under CHT. They simplified the complexity of the geometry by dividing the model into two different regions. Javandel and Zaghi (1975) considered the ground water in a confined aquifer pumped by a fully penetrating well that is radially extended at the bottom of the aquifer. The procedure used in their study is similar to that in Kirkham (1959) , and the steady-state groundwater solution was obtained by separation of variables. Jones et al. (1992) and Jones (1993) discussed the practicality of CHTs on wells completed in low-conductivity glacial till deposits. Mishra and Guyonnet (1992) indicated the operational benefit of CHTs when the total available drawdown is limited by well construction and aquifer characteristics. They developed a method for analyzing observation well response under CHT. Issues involving CHT can be found in the literature (e.g., Uraiet and Raghaven 1980; Chen and Chang 2003; Yeh and Yang 2006; Singh 2007; Wang and Yeh 2008) .
Considering a CHT performed in a partially penetrating well, Yang and Yeh (2005) developed a time-domain solution to describe the drawdown in a confined aquifer with a finite-thickness skin. The boundary conditions along the partially penetrating well are represented by a constant-head (first kind) boundary for the screen and a no-flow (second kind) boundary for the casing. They transformed the first-kind boundary along the screen into a second-kind boundary with an unknown flux that is time dependent; therefore, the boundary along the partially penetrating well became uniform. The solution was then solved by the Laplace and finite Fourier cosine transforms. Chang and Yeh (2009) used the methods of dualseries equations and perturbation method to solve the mixed boundary problem for the CHT at a partially penetrating well. further developed an analytical solution for a partially penetrating well with arbitrary location of the well screen under constant-head tests in confined aquifers. However, the aforementioned studies are only applicable for confined aquifers.
For unconfined aquifers, Chen and Chang (2003) developed a well hydraulic theory for CHT performed in a fully penetrating well and established a parameter estimation method. extended the work of Yang and Yeh (2005) to develop a mathematical model for an unconfined aquifer system while treating the skin as a finite-thickness zone and derived the associated solution for CHT at a partially penetrating well. For other environmental applications, light non-aqueous-phase liquids (LNAPLs) are usually recovered by wells held at constant drawdown (Abdul 1992; Murdoch and Franco 1994) , and constant-head pumping is used to control off-site migration of contaminated ground water (Hiller and Levy 1994) . At LNAPL contaminant sites, the pollutant forms a pool of LNAPL in the subsurface on top of the water table. In installing a well in unconfined aquifers, therefore, the screen goes from the top of the aquifer.
For CFT in unconfined aquifers, Neuman (1972) presented a new analytical solution for characterizing flow to a fully penetrating well in an unconfined aquifer. He assumed that the drainage above the water table occurs instantaneously. Accounting for the effect of a finite-diameter pumping well, Moench (1997) developed a solution in Laplace domain for the flow to a partially penetrating 1 well in unconfined aquifers. Contrary to Neuman's assumption, Moench used the free-surface boundary in Boulton (1955) , assuming that the drainage of pores occurs as an exponential function of time in response to a step change in hydraulic head in the aquifer. Tartakovsky and Neuman (2007) presented an analytical solution for drawdown in an unconfined aquifer caused by pumping at a constant rate from a partially penetrating well. They generalized the solution of Neuman (1972 Neuman ( , 1974 by accounting for unsaturated flow above the water table and derived the solution from a linearized Richards' equation in which unsaturated hydraulic conductivity and water content are expressed as exponential functions of incremental capillary pressure head relative to its air entry value.
Motivated by the aforementioned research, this paper aims to develop a mathematical model for constant-head pumping from a partially penetrating well in an unconfined aquifer. Without assuming constant-head boundary along the screen as an unknown flux boundary, the system is separated into two different regions, and the solutions are directly obtained by separation of variables and Laplace transform. This new solution can be used to determine the aquifer parameters or to investigate the effects of vertical flow caused by the partially penetrating well and free-surface boundary on the drawdown distribution in unconfined aquifers.
Mathematical Model

Laplace-Domain Solutions
The conceptual model for constant-head pumping in an unconfined aquifer system with a partially penetrating well is illustrated in Fig. 1 . The well screen starts from z ¼ z l with a finite well radius r w , and the bottom of the screen is sealed. The domain is divided into two different regions. Region 1 is defined by 0 ≤ r ≤ r w and 0 ≤ z ≤ z l whereas Region 2 is bounded within r w ≤ r < ∞ and 0 ≤ z ≤ η, where η = saturated thickness. The aquifer is assumed to be homogeneous, with infinite extent in the radial direction, and the seepage face in Region 2 is neglected. Under this assumption, the governing equations in terms of drawdown in Regions 1 and 2 can, respectively, be written as
and
The subscripts 1 and 2 denote Regions 1 and 2, respectively. The drawdown at distance r from the center of the well and distance z from the bottom of the aquifer at time t is denoted as sðr; z; tÞ, which is equal to h 0 À h, where h 0 and h = initial and hydraulic head, respectively. The aquifer has the horizontal hydraulic conductivity K r , vertical hydraulic conductivity K z , specific storage S s , and specific yield S y . Assuming that the drawdown is small compared with the saturated aquifer thickness η, the boundary at the free surface (z ¼ η) can be approximated as z ¼ b, where b = initial saturated thickness. Therefore, the governing equation for Region 2 can be further expressed as
The initial condition for saturated thickness ηðr; tÞ is equal to b; therefore, the drawdowns are assumed to be zero initially in Regions 1 and 2, that is,
The no-flow boundary condition at the bottom of the aquifer for both regions is ∂s 1 ðr; z; tÞ ∂z z¼0 ¼ ∂s 2 ðr; z; tÞ ∂z
The boundary at the top of the Region 1 can also be expressed as ∂s 1 ðr; z; tÞ ∂z
The nonlinear boundary describing the free surface in Region 2 for the unconfined aquifer can be linearized to the form (Neuman 1972 
In addition, the boundary at r ¼ 0 attributable to symmetry along the center of the well is written as ∂s 1 ðr; z; tÞ ∂r
When r approaches infinity, the boundary condition for Region 2 is s 2 ð∞; z; tÞ ¼ 0 ð9Þ
The boundary condition specified along the well is
where s w = constant drawdown in the well at any time.
At the interface between Regions 1 and 2, the continuities of the drawdown and flow rate must be satisfied: 
To express the solutions in dimensionless form, the following dimensionless variables are defined:
w ; ζ ¼ z=b; and ζ l ¼ z l =b, where s Ã 1 and s Ã 2 = dimensionless drawdowns for Regions 1 and 2, respectively; σ = ratio of specific yield S y to the storativity S s b; κ represents the dimensionless conductivity ratio; ρ denotes the dimensionless radial distance; ρ w = dimensionless radius of the pumping well; α = dimensionless conductivity ratio times the square of the ratio of radial distance r from pumping well to aquifer thickness b; τ refers to the dimensionless time during the test; and ζ and ζ l = dimensionless vertical distance and the dimensionless distance from the bottom of aquifer to the bottom of the screen, respectively. Taking the Laplace transform to the dimensionless governing equations of Eqs. (17) and (18) 
Applying the continuity conditions to Eqs. (13) and (14), the coefficients A 0 1m and A 0 2n are respectively obtained as
where p = Laplace variable; and A 0 1m , A 0 2n , Ω 1m , Ω 2n ,Λ mn , I 0 ð·Þ, I 1 ð·Þ, K 0 ð·Þ, K 1 ð·Þ, and k 0 are defined in the notation list. The detailed derivations of Eqs. (13) and (14) are given in the appendix.
Fully Penetrating Wells in Unconfined and Confined Aquifers
By setting ζ l ¼ 0 in Eqs. (15) and (16), the drawdown solution of Eq. (13) in Region 1 is equal to zero, and the Laplace-domain solution in Eq. (14) for dimensionless drawdown in Region 2 with fully penetrating wells in unconfined aquifers is exactly the same as the solution given in Chen and Chang [2003, Eq. (7) ] when the skin factor S k equals zero after some algebraic manipulations. Furthermore, by setting ζ l ¼ 0 and σ ¼ 0, the Laplace-domain solution of Eq. (14) in Region 2 can be reduced to the solution in Hantush (1964) for drawdown with a fully penetrating well in confined aquifers.
Results and Discussion
The numerical inversion method given by Stehfest (1970) is adopted for calculating the dimensionless drawdown solutions in Eqs. (13) and (14) for Regions 1 and 2, respectively, in real-time domain. Because there may be nonconvergence issues when evaluating the infinite summations in Eqs. (13) and (14), the Shanks method is applied to accelerate convergence for these infinite summations. This method has been successfully applied to compute the solutions arising in the ground-water area (e.g., Yang and Yeh 2002; Peng et al. 2002) . Fig. 2(a) demonstrates the dimensionless drawdown distributions for the dimensionless distance ρ ¼ 1, 1.1, and 1.5 at the dimensionless time τ ¼ 1, Fig. 2(b) for ρ ¼ 1, 2, and 5 at τ ¼ 102, Fig. 2(c) for ρ ¼ 1, 2, and 7 at τ ¼ 10 4 , and Fig. 2(d) for ρ ¼ 1, 5, and 7 at τ ¼ 10 6 . The aquifer parameters used in these figures are as follows: κ ¼ 1, σ ¼ 10 À3 , and ζ l ¼ 0:5. These figures show that the dimensionless drawdown at ρ ¼ 1 matches the boundary condition of the wellbore at different time periods. The dimensionless drawdown decreases with increasing ρ at τ ¼ 1, 102, 104, and 106.
In addition, it is apparent that vertical flows occur at the water table because of the free-surface boundary, as shown in Figs. 2(b)-2(d) . Fig. 3 is plotted to examine the effect σ (i.e., S y =S s b) of Region 2 on the dimensionless drawdown during CHT. This figure shows the response of dimensionless drawdown in a 100-m-thick aquifer at ρ ¼ 50, κ ¼ 1, ζ ¼ 0:75, and ζ l ¼ 0:5 for σ ranging from 0 to 3 × 10 3 . The dimensionless drawdown decreases with increasing σ. The typical three-stage drawdown patterns can be observed. The water releases from the elastic behavior of the aquifer formation at an early time, i.e., the first stage. During the second stage at moderate times, the gravity drainage almost stabilizes the water table. Finally, the effect of vertical flow vanishes at late times, and the flow behaves like the first stage again. Fig. 3 shows that the larger σ is, the longer the delayed yield stage will be, perhaps because a larger σ supply more water from the drainage. If σ ¼ 0, the top boundary represented by Eq. (7) becomes the no-flow condition, and the aquifer can therefore be considered as confined. Fig. 4 illustrates that the distributions of the dimensionless drawdown at the well screen extends from ζ ¼ ζ l to ζ ¼ 1 in Region 2 when τ ¼ 10 6 . This figure shows that the dimensionless drawdown increases with the length of well screen. In addition, large slopes of the drawdown distribution curves occur near the free-surface boundary and the edge of the screen. Therefore, vertical ground-water flows are obviously large at these two areas.
The response of dimensionless drawdown versus dimensionless time at different observed locations is plotted in Fig. 5 for ρ ¼ 10 and 100 with κ ¼ 1 and ζ l ¼ 0:25. The σ is zero for a confined aquifer, and there is no vertical flow [ Fig. 5(a) ]. On the other hand, the vertical flow is apparent at moderate times for different radial distances [ Fig. 5(b) ] when σ ¼ 10 3 . Figs. 6(a) and 6(b) illustrates the spatial flow pattern for σ ¼ 0 and 10 3 at τ ¼ 10 4 with the same parameter values as those in Fig. 5 . Apparently, the vertical flow occurs only near the bottom edge of the well screen when the aquifer is confined. However, for unconfined aquifers, the flow at free surface is almost vertical, and obvious vertical flows occur near both the top and bottom edges of the well. It demonstrates that the vertical flow in the unconfined system is induced not only by the effect of partial penetration but also the effect of free-surface boundary. Fig. 3 . Effect of σ on dimensionless drawdown during CHT JOURNAL OF HYDRAULIC ENGINEERING © ASCE / SEPTEMBER 2011 / 1057 Fig. 7 demonstrates the effect of the conductivity ratio κð¼ K z =K r Þ on the dimensionless drawdown during CHT. The vertical axis represents the dimensionless drawdown, and the horizontal axis represents the dimensionless time. The κ ranges from 10 À2 to 1 with K r ¼ 10 À4 m= min, σ ¼ 10 3 , and ζ l ¼ 0:5. The dimensionless drawdown decreases with increasing κ, indicating that the vertical flow from delayed gravity drainage becomes large for greater κ. Fig. 8 illustrates the effect of the well radius on drawdown distribution in a 10-m-thick aquifer. The considered ρ w well
À1 , 1, and 101, respectively. The drawdown decreases with increasing distance from the pumping well for different ρ w , as demonstrated in Fig. 2 . The drawdown increases with ρ w for different values of α, indicating that the well radius has significant effect on the drawdown distribution. The effect of α on drawdown in the aquifer at ζ ¼ 0 when the well is fully (ζ l ¼ 0) and partially penetrating (ζ l ¼ 0:8) is plotted in Fig. 9 for σ ¼ 10 3 and κ ¼ 1. The drawdown difference between the cases of full penetration and partial penetration decreases with increasing α. It is reasonable that α 1=2 is directly proportional to the radial distance from the pumping well when the aquifer is isotropic, and the partial penetration effect vanishes when the radial distance becomes large. Because r ¼ α 1=2 b= ffiffiffi κ p , this proves that the radial distance influenced by the partial penetration in an unconfined aquifer under CHT is proportional to the aquifer thickness, as do the results from Hantush (1964) for a confined aquifer under CFT.
The error of estimated dimensionless drawdown along the screen calculated from Eqs. (13) and (14) for different number of terms of the infinite series and Shanks method is demonstrated in Fig. 10 . As illustrated in this figure, the error decreases with increasing number of terms used in calculating the infinite series in the solution, and the largest error occurs at the edges of the screen. The largest errors are À0:179 when n ¼ m ¼ 100; 9:72 × 10 Large slopes of the drawdown distribution curves can be observed near the free-surface boundary and the edge of the screen, which indicates that the vertical ground-water flows occur at these two areas. The dimensionless drawdown decreases with increasing σ but increases with the length of well screen. For different ρ w , the drawdown decreases with the increase of radial distance from the pumping well, and it may produce a large error in drawdown if the radius of the pumping well is assumed infinitesimal. The present solution can serve as an invaluable tool to explore the effects of hydraulic parameters on flow behavior in unconfined aquifers. In addition, it can reduce the solution for a fully penetrating well in confined or unconfined aquifers under CHT.
Appendix
The dimensionless governing equations of Eqs. (1) and (3) can be expressed as
The dimensionless initial conditions for Regions 1 and 2 are
and the boundary conditions at the bottom and top of the aquifer for Regions 1 and 2 in terms of dimensionless form can be written as
The dimensionless boundary conditions at ρ ¼ 0 and infinity are respectively written as
The dimensionless boundary condition along the screen is expressed as
In dimensionless form, continuity conditions become
The solution for the dimensionless drawdown solutions can be obtained by taking Laplace transforms of governing equations Eqs. (17) and (18) using the initial condition (19), and the results are 
Assume thats Ã 1 ands Ã 2 are the product of two distinct functions, i.e.,s Ã 1 ðρ; ζ; pÞ ¼ F 1 ðρ; pÞG 1 ðζ; pÞ ands Ã 2 ðρ; ζ; pÞ ¼ F 2 ðρ; pÞ G 2 ðζ; pÞ, respectively. Eqs. (12) and (13) can be respectively transformed as
